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Abstract: Model validation is an important part of model development. It is performed to increase the credibility and
gain sufficient confidence about a model. This paper evaluated the usefulness of 10 statistical tests, five parametric and
five nonparametric, in validating forest biometric models. The five parametric tests are the paired t test, the χ2 test, the
separate t test, the simultaneous F test, and the novel test. The five nonparametric tests are the Brown–Mood test, the
Kolmogorov–Smirnov test, the modified Kolmogorov–Smirnov test, the sign test, and the Wilcoxon signed-rank test.
Nine benchmark data sets were selected to evaluate the behavior of these tests in model validation; three were col-
lected from Alberta and six were published elsewhere. It was shown that the usefulness of statistical tests in model
validation is very limited. None of the tests seems to be generic enough to work well across a wide range of models
and data. Each model passed one or more tests, but not all of them. Because of this, caution should be exercised when
choosing a statistical test or several tests together to try to validate a model. It is important to reduce and remove any
potential personal bias in selecting a favorite test, which can influence the outcome of the results.

Résumé : La validation est un aspect important dans le développement des modèles. Elle est nécessaire pour augmen-
ter la crédibilité d’un modèle et lui faire suffisamment confiance. Cet article évalue l’utilité de 10 tests statistiques,
cinq paramétriques et cinq non paramétriques, pour valider les modèles biométriques utilisés en foresterie. Les cinq
tests paramétriques sont le test t jumelé, le test du χ2, le test t séparé, le test F simultané et le test nouveau. Les cinq
tests non paramétriques sont le test de Brown–Mood, le test de Kolmorogov–Smirnov, le test de Kolmorogov–Smirnov
modifié, le test des signes et le test de rang de Wilcoxon. Neuf séries de données repères ont été sélectionnées pour
évaluer le comportement de ces tests lors de la validation des modèles. Trois séries de données ont été collectées en
Alberta et six autres proviennent de publications. Il a été démontré que l’utilité des tests statistiques est très limitée
pour la validation des modèles. Aucun de ces tests ne semble assez générique pour bien performer avec une vaste
gamme de modèles et de données. Chaque modèle a résussiréussi un test ou plus, mais pas tous les tests. C’est pour-
quoi le choix d’un ou de plusieurs tests statistiques doit être fait avec prudence pour essayer de valider un modèle. Il
est important de réduire ou d’éliminer tout biais personnel dans le choix d’un test pour ne pas influencer le résultat.

[Traduit par la Rédaction] Yang et al. 629

Introduction

Statistical models have been widely used in many disci-
plines for various purposes. Decision makers often use the
results from these models to assist and support the decision-
making process. The developers and users of these models,
and the people affected by the decisions based on these
models, are all concerned with whether or not these models
are acceptable representations of the real world (Morehead
1996). This concern is normally addressed through model
validation (Sargent 1999). Many statistical models are devel-
oped for prediction purposes based on empirical data. Once
a prediction model is constructed, an assessment of its valid-

ity using an independent data set is often needed to ensure
that model predictions represent the most likely outcome of
the real world.

Shugart (1984) defined model validation as “procedures,
in which a model is tested on its agreement with a set of ob-
servations that are independent of those observations used to
structure the model and estimate its parameters”. Note that
data-splitting methods (Snee 1977) that randomly split one
data set into a model estimation and a model testing portion
are not validation, for the testing portion of the data set is
not independent of the estimation portion; it will have the
same statistical structure. This is clearly shown by Kozak
and Kozak (2003), who demonstrated that validation by data
splitting provides little, if any, additional information in the
process of evaluating models. Model validation is sometimes
a prickly issue for both model builders and model users
(Gass and Thompson 1980; Monserud 2003). There are
many types of validation methods available; some are quali-
tative and others are quantitative (Holmes 1983; Sargent
1999). It is important to recognize that model validation is
not used to prove that a model is correct (Popper 1963), but
rather to show that model predictions are close enough to in-
dependent data and that decisions made based on the model
are defensible. If a model provides acceptable predictions
with small prediction errors and low variances, it is consid-
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ered appropriate. Otherwise, the model needs to be adjusted
or even reestimated. The ultimate goal of model validation is
to increase the credibility and gain sufficient confidence
about a model.

Model validation is important in any empirical analysis. It
is an integral part of model building as well as quality assur-
ance and quality control. Unfortunately, it is often ignored, a
rich literature notwithstanding (Balci and Sargent 1984;
Morehead 1996; Kleijnen 1999; Sargent 1999). Perhaps
modelers (and employers) are reluctant to subject their
newly discovered model to the fires of independent testing
after surviving the rigors and expense of development and
publication. Nevertheless, the attempt to reject hypotheses,
especially favorite hypotheses, is the modus operandi of sci-
ence. This is especially true for validating forest biometric
models.

Forest biometric models often consist of several sub-
models or functions, each independently or simultaneously
fitted using different techniques (e.g., Hasenauer et al. 1998;
Huang and Titus 1999). Because the behavior of individual
components within a system plays an important role in de-
termining the overall outcome, these individual components
need to be validated separately. The validity of each individ-
ual component, however, does not guarantee the validity of
the overall outcome, which is usually considered more im-
portant in practice. Therefore, the overall system outcome
should be validated as well.

Validation (testing with independent data) is a subset of
the general problem of model evaluation. As a standard for
comparison, an ideal model would be able to forecast impor-
tant traits of interest with a high degree of accuracy and pre-
cision for any time horizon and any given stand condition
(Curtis 1972; Ritchie and Hann 1997). The first step in
model evaluation is the clear specification of the criteria for
the evaluation (Brand and Holdaway 1983; Robinson and
Monserud 2003). For Robinson and Monserud (2003), their
criterion was adaptability of the model for extension into
new populations and applications. Buchman and Shifley
(1983) offer a detailed checklist of questions helpful for
evaluating a growth projection system and address features
such as documentation and system support, data require-
ments, accuracy and precision of component models and
overall system prediction, flexibility for modification for
new situations or resources, and the logic and biological re-
alism of predictions. Goelz and Burk (1992) list several
desirable criteria for evaluating site index equations, includ-
ing logical behavior and a theoretical basis. Vanclay and
Skovsgaard (1997) also list biological and theoretical crite-
ria. They ask whether the structure is parsimonious, biologi-
cally realistic, consistent with existing theories of forest
growth, and whether it predicts sensible responses to man-
agement activities.

By their nature, models are designed to predict the aver-
age expected behavior of the systems that they represent.
Recall that Sir Francis Galton’s 1885 paper first discussing
regression was actually “regression to the mean” (Draper
and Smith 1981). Models will fail to predict for extreme
situations because they are designed to be correct in the long
run, over many different sets of circumstances. Forest
growth models arguably provide their greatest advantage
when used in a large-scale planning operation because the

most important characteristic is to describe the average re-
sponse of stands over a wide range of conditions (A. Stage,
Moscow, Idaho, personal communication, 1999). Model pre-
dictions tell us about what behavior is to be expected on
average; the residuals tell us about behavior that is deviant.
While statistical assessments of a model may conclude that
there is insignificant bias and high precision, this describes
the mean behavior of the model and does not guarantee its
accuracy in any particular application (A. Robinson, Univer-
sity of Idaho, personal communication, 2001).

A large number of validation procedures can be used to
quantitatively assess the predictive ability of a fitted model.
Among them, many statistical tests have been routinely em-
ployed. These tests are often interpreted as more objective
ways for judging the predictive ability of a model (Harrison
1990; Mayer et al. 1994). They assess the size, direction,
and dispersion of prediction errors in various ways. In for-
estry, modelers have adopted and developed various proce-
dures for validating models (Ek and Monserud 1979;
Marshall and LeMay 1990; Huang et al. 1999; Waller et al.
2003). Some of the statistical tests on means, variances,
autocorrelations, and overall distributions have been applied
(Freese 1960; Stephens 1974; Reynolds et al. 1981; Harrison
1990). Vanclay and Skovsgaard (1997) list several statistical
properties useful in model evaluation: properties of the
model parameters (e.g., unbiased), error characterization
(evaluate the accuracy, residual patterns, confidence inter-
vals, and contribution of individual model components to the
total error), statistical tests (bias and precision of the model
and components, goodness-of-fit of predicted distributions,
patterns and distribution of residuals, and correlations over
time), and sensitivity analyses (determine how model com-
ponents influence predictions, the sensitivity of the model to
its inputs, and how errors propagate through the model).
Further examples can be found in Desanker et al. (1994),
Robinson (1998), and Yaussy (2000).

The use of statistical tests in model validation has at-
tracted much debate since the work of Wright (1972). With
varying criteria for the “value” of models and the methods
of determining it, validation has proven to be a complex is-
sue (Mayer et al. 1994; Morehead 1996). Each model is
unique and no validation technique or method enjoys wide-
spread application. It is also relatively easy to choose a fa-
vorite procedure and then comparatively rank one model
above or below another one (Huang et al. 2003).

The main objective of the study was to evaluate the use-
fulness of various statistical tests on validating individual
forest biometric models. Ten tests, five parametric and five
nonparametric, were selected for this purpose. All tests,
whether they are parametric or nonparametric, require some
specific assumptions (Marshall et al. 1995; Conover 1999).
The assumption of normality is especially common in this
regard (Gregoire and Reynolds 1988). Parametric tests
generally assume, among others, that prediction errors are
normally distributed. When this assumption is upheld, para-
metric tests are preferred because they are more powerful in
revealing significant differences between model predictions
and actual observations. When the normality assumption is
not satisfied, nonparametric tests should be used, unless a
normalizing transformation can be found. Because of the
large variety of data involved in forest biometric studies,
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nine benchmark data sets of different types were selected to
demonstrate the roles of the 10 statistical tests in model vali-
dation.

Data
A total of nine data sets (labeled I, II, III, �, IX) were

used to assess the behavior of the 10 diagnostic tests. Each
data set is independent of the data used to fit the model to be
validated. The first three were collected in Alberta. The rest
were published data sets from elsewhere: IV (Montgomery
and Peck 1992), V (Neter et al. 1989), VI (Rawlings 1988),
VII (West 1981), VIII (Ek and Monserud 1979), and IX
(Reynolds and Chung 1986). We purposely used these pub-
lished data in addition to our own data because they have
been used in several validation studies, and users can easily
access them. For each data set, the observed values for the
variable of interest and their respective predictions from the
model developed on an independent data set are obtained. A
summary of the observed and predicted values, as well as
the prediction errors (the difference between observed and
predicted values) associated with each data set, is shown in
Table 1. A brief description of the nine data sets follows:
(1) Height–diameter data (data set I) — Forty-six lodgepole

pine (Pinus contorta var. latifolia Engelm.) trees were
felled in the Lower Foothills natural subregion of Al-
berta (Alberta Environment Protection 1994). Accurate
measurements for tree height (HT, m) and tree diameter
at breast height (DBH, cm) were taken from these trees.
A predicted tree height (HTP, m) was obtained for each
tree based on the height–diameter model developed by
Huang (1999):

[1] HTP = 1.3 + 29.4214

× [1 – exp(–0.0457DBH)]1.1381

The predicted heights and the observed height–diameter
data are shown in Fig. 1.

(2) Plot volume data (data set II) — Eighty-one sample
plots of 200 m2 each were established in pure lodgepole
pine stands in the Lower Foothills natural subregion of
Alberta. The diameters of all trees taller than 1.3 m
were tallied, and the total basal area of each plot
(BA, m2/ha) was obtained. The heights of the two larg-
est diameter trees in each plot were measured to obtain

top height (TH, m). Individual tree volumes within each
plot were calculated following the procedures described
by Huang (1994) and summarized to give plot volume
(VOL, m3/ha). The following plot volume prediction
equation used in Alberta was applied to obtain a pre-
dicted plot volume (VOLP, m3/ha) for each plot:

[2] VOLP = 0.2125TH1.2856BA1.0638

× exp(–0.00155BA – 0.0166TH)

The observed volume, basal area, and top height, and
the predicted volume from eq. 2 are shown in Fig. 2.

(3) Site index data (data set III) — Two hundred and forty-
seven lodgepole pine trees, covering three natural subre-
gions (Sub-Alpine, Upper Foothills, and Lower Foot-
hills, see Alberta Environment Protection 1994), were
felled, and the stems were analyzed. Each tree was sec-
tioned at stump height (0.3 m), breast height (1.3 m),
2.3, 3.3, and 4.3 m above ground, and equal lengths of
2.5 m thereafter to the top of the tree. The ring count at
the top of each section was measured, and the height–
age trajectories were obtained (Fig. 3). The observed
site index of each tree was defined as the tree height at
breast-height age (Bhage) 50 years. A corresponding
predicted site index (SIP, m) was solved from the fol-
lowing site index model for lodgepole pine (Huang et al.
1997):

[3] HT 1.3 SI 1.3)P= + −(

×
+ + + − −

+ +
1 50 SI 1.3

1 Bh
1 2 3 P

1 2

exp[ ln( ) ln( )]

exp[ ln(

b b b

b b age SI 1.33 p+ − −









b ) ln( )]

where the coefficients b1, b2, and b3 for different natural
subregions are given in Huang et al. (1997).

(4) Data set IV (Montgomery and Peck 1992) — A model
was developed to predict the amount of time required by
a route driver to service the vending machines in an out-
let. Fifteen new observations were collected independ-
ently of the modeling data to validate the developed
model. The observed and predicted values of service
time were obtained by Montgomery and Peck (1992).

(5) Data set V (Neter et al. 1989) — Fifty-four new obser-
vations were obtained to validate a survival model fitted
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Observed, y Predicted, �y Prediction error, ei = (yi – �yi)

Data set n Mean Min. Max. SD Mean Min. Max. SD Mean Min. Max SD

I 46 21.6 5.5 31.1 5.0 21.0 8.4 27.5 4.2 0.63 –4.9 5.62 2.79
II 81 278.4 22.3 502.3 138.9 273.8 21.6 510.2 137.7 4.56 –58.65 41.88 16.53
III 247 14.0 5.4 22.4 3.6 14.0 7.0 22.4 3.6 0.03 –7.99 4.37 1.84
IV 15 25.8 7.0 64.8 15.1 25.8 6.0 76.1 17.8 0.03 –11.32 5.87 4.87
V 54 2.2 1.3 2.8 0.3 2.1 1.3 2.0 0.3 0.07 –0.02 0.17 0.05
VI 10 4712 2380 8320 1863 4423 2320 6780 1456 289 –110 1540 505.50
VII 21 56.0 37.0 75.0 10.9 56.2 39.0 73.0 10.3 –0.19 –8.00 7.00 4.06
VIII 16 99.2 19.8 167.1 38.4 90.9 12.8 138.2 35.3 8.32 –3.00 28.90 7.37
IX 63 179.5 32.3 511.8 125.8 170.8 44.2 373.5 92.9 8.75 –113.50 198.90 55.61

Note: n is number of observations; mean, min., max., and SD are the mean, minimum, maximum, and standard deviation, respectively. Details about
the data sets are provided in the Data section.

Table 1. Summary of observed and predicted values for the variable of interest (y) as well as prediction errors obtained from nine
benchmark data sets.



on a different data set. The dependent variable of the
survival model is survival time. Four independent vari-
ables are used to predict the survival time.

(6) Data set VI (Rawlings 1988) — Data from 10 new wa-
tersheds were used to evaluate a prediction model of the
maximum rates of runoff (ft3/s) from watersheds follow-
ing rainstorms. The observed and predicted runoff rates
for these 10 new watersheds were obtained, and their
differences were calculated.

(7) Data set VII (West 1981) — A simulation model for
stand basal area growth was developed. Data from
21 remeasurement plots were collected in a southern
Tasmania eucalypt forest to evaluate the performance of
the simulation model. The observed and simulated stand
basal areas (m2/ha) for each of these stands given by
West (1981) were used.

(8) Data set VIII (Ek and Monserud 1979) — Sixteen
northern hardwood plots from the Wisconsin Timber
Harvest Forests were used to evaluate the performance
of two stand growth models, FOREST and SHAF. Only
the basal area data and the FOREST model were consid-
ered in this study. The observed and predicted basal ar-
eas (ft2/acre) at the end of growth period were used.

(9) Data set IX (Reynolds and Chung 1986) — New data
from 63 plots located in loblolly pine (Pinus taeda L.)
plantations in Virginia were used to validate the growth
and yield simulator PTAEDA. Stand volume to a 10-cm
top diameter was the variable of interest. The observed
and predicted stand volumes (m3/ha) were shown in
Reynolds and Chung (1986).

Methods

Ten commonly used statistical tests in model validation
were used to assess the predictive ability of fitted models.
Since the normality of the error distribution of each data set
determines whether a parametric or a nonparametric test is
more appropriate to use, tests for normality were conducted
first.

Normality tests
Four normality tests were conducted to evaluate the nor-

mality of the prediction errors associated with each of the

nine data sets. All four are commonly used in testing nor-
mality. A brief description of the four tests follows, where n
refers to the sample size of a data set, and i is the ith obser-
vation in the data set.

The Shapiro–Wilk test
The Shapiro–Wilk test evaluates whether a random sam-

ple comes from a normal distribution. It is basically the
square of Pearson’s correlation coefficient calculated be-
tween the order statistics of the sample data and some con-
stants that represent what the order statistics should look like
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Fig. 2. Plot volume data (data set II) from 81 plots. (a) Observed
volume (m3/ha) versus basal area (m2/ha) data. (b) Observed vol-
ume versus top height data. (c) Observed versus predicted vol-
umes. The predicted volumes are obtained using eq. 2.

Fig. 1. Observed height–diameter data from 46 felled lodgepole
pine trees (data set I), overlaid with the height–diameter curve
generated from eq. 1.



if the population were normal. It is calculated as (Conover
1999):
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where Xi is the ith observation of the sample data, X is the
sample mean, X(i) is the ith order statistic, and a1, a2,…, ak
are the constants generated from the means, variances, and
covariances of the order statistics of a sample of size n from
a normal distribution, with k equals to n/2 (Conover 1999).
The sample data is considered normal if the W value in eq. 4
is close to 1.0. Small values of W imply departure from nor-
mality.

The Kolmogorov–Smirnov test
The Kolmogorov–Smirnov (KS) test assesses how well

the cumulative distribution of the sample data conforms to
that of a hypothesized theoretical distribution (in this case,
normal distribution). The test focuses on the maximum verti-
cal difference between the two cumulative distribution func-
tions, which is intuitively appealing. The test takes the
following form (Scheaffer and McClave 1995):

[5] D = max�F(x) – Fn(x)�

where F(x) and Fn(x) are the theoretical and sample cumula-
tive distribution functions, respectively. The KS test is distri-
bution free in the sense that the critical values do not depend
on the specific distribution being tested. To test for normal-
ity of the sample data, F(x) is defined as a cumulative nor-
mal distribution.

The Cramér – von Mises test
The Cramér – von Mises test is calculated by (Stephens

1974; D’Agostino and Stephens 1986):

[6] W F X i n n
i

n
i2 21) 1 12= − − +

=
∑ [ ( ) ( /( )] /( )( )

1

2 2

where F is the cumulative distribution function of the speci-
fied distribution, and X(i)’s are the ordered data. This is in
the KS family of tests. However, unlike the Kolmogorov

test, the Craméer – von Mises test not only considers the
largest difference, but also considers n differences between
the two curves (the hypothesized and the empirical cumula-
tive distribution functions). Intuitively it appears that the
Cramér – von Mises test statistic makes more complete use
of the data and therefore should be more effective than the
Kolmogorov test statistic, but the facts fail either to prove or
disprove such intuition (Conover 1971).

The Anderson–Darling test
This test evaluates whether the sample data come from a

population with a specific distribution. It is a modification of
the KS test and gives more weight to the tails. Unlike the KS
test, the Anderson–Darling test uses the specific distribution
in calculating critical values. This allows for a more sensi-
tive test. But the disadvantage is that critical values must be
calculated for each particular distribution (Stephens 1974).
The test statistic of the Anderson–Darling test, A2, is com-
puted as follows:

[7] A

i F X F X

n
i

n
i n i

2

2 1 1

= −
− + −

=

+ −∑ ( ){ln( ( ) ln[ ( )]}( ) ( )

1

1

− n

where F is the cumulative distribution function of the speci-
fied distribution, and X(i)’s are the ordered data.

Parametric and nonparametric validation tests
Ideally, for a good model, the mean prediction error

should not differ significantly from zero, so that the predic-
tion is unbiased, and the precision of prediction (i.e., the
variance) should not exceed some limits, so that the varia-
tion of the prediction is within some tolerance. Almost all
statistical tests are designed to evaluate (1) whether the
mean prediction error is significantly different from zero,
and (2) whether the variance of the prediction is larger than
some critical value. The 10 statistical tests used in this study
were assessed for their usefulness in validating forest bio-
metric models, based on the nine benchmark data sets. These
tests are described below, the first five being parametric and
the remaining five being nonparametric.

The paired t test (Snedecor and Cochran 1980)
The null hypothesis of the paired t test is that the mean

prediction error is zero. It is written as follows:

[8] t e e e n ni= − −∑� ( ) /[ ( )]2 1

where ei is the ith prediction error, and e is the mean predic-
tion error. This test statistic has n – 1 degrees of freedom
(df). Large t values indicate large mean prediction errors.

The chi-square (χ2) tests
The χ2 test can be written in various forms. The following

three formulations presented by Freese (1960) were used in
this study. Equation 9a is the standard χ2 test with df = n;
eq. 9b is a bias-free χ2 test with df = n – 1, assuming the bias
being constant; and eq. 9c is another bias-free χ2 test with
df = n – 2, assuming the bias being a linear function of yi:

[9a] χ λn i iy y2 2 2= −∑ ( � ) /
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Fig. 3. Observed tree sectioning data from 247 felled lodgepole
pine trees (data set III), overlaid with the site index (SI) curves
generated from eq. 3. Site index values at 50 years are given for
each site index curve.



where λ τ2 2 2= E /
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[9c] χ λn y y− =2
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where yi and �yi are the observed and predicted values of the
ith observation, respectively, λ2 is an acceptable accuracy
specified in the form of a hypothesized variance or a critical
error, E is the allowable error in units of the observed y, τ is
a standard normal deviate at the specified probability level
(e.g., τ = 1.960 when α = 0.05), B is the bias, and SSE is the
error sum of squares of a simple linear regression of
y b b yi i= +0 1 � . For consistency, an allowable error of ±7.16%
within the true (observed) mean (i.e., within ±30 of the ob-
served mean of 419) as specified by Freese (1960) was used
in this study for all data sets.

Separate t tests
A widely used method of validating a model is to evaluate

the simple linear regression between observed and predicted
y values, y b b yi i= +0 1 � . For an acceptable model, the regres-
sion will be a 45° line through the origin. This is illustrated
in Fig. 4. The adequacy of the model can be evaluated by
testing separately whether b0 = 0 and b1 = 1 through separate
t tests (Montgomery and Peck 1992). To test b0 = 0, the t
value can be read directly from the fit of y b b yi i= +0 1 � . To
test b1 = 1, the test statistic is calculated by

[10] [ ]t b y y n y yb i i i1
= − − − −∑ ∑( ) ( ~ ) /( ) (� �)1

2 21 2�

where ~yi is the predicted value from y b b yi i= +0 1 � , and �yi is
the mean of �i values. This test statistic has df = n – 2.

Simultaneous F test
Such as the separate t test, the simultaneous F test is de-

signed to evaluate the regression y b b yi i= +0 1 � by testing
whether b0 = 0 and b1 = 1 simultaneously (Montgomery and
Peck 1992):

[11] F
n b y b b y b

y y
i i

i i

=
− + − − + −

−
∑ ∑
∑

( ) � ( )( ) � ( )

( ~
0

2
0 1

2
1

20 2 0 1 1

2 ) /( )2 2n −

where the variables are as previously defined in the separate
t tests. The degrees of freedom are 2 and n – 2 for the nu-
merator and denominator, respectively.

The novel test
Kleijnen et al. (1998) showed that it is inadequate to vali-

date a model by testing whether the regression line y bi = +0
b yi1 � passes through the origin with a 45° slope. They pro-
posed a new test termed “the novel test”. This test regresses
the prediction errors on the sum of observed and predicted
values via a simple linear regression: e b b y yi i i= + +0 1( � ).
The validity of the model being tested is determined by test-
ing b0 = b1 = 0 jointly based on the extra sum of squares
method (Kleijnen et al. 1998):

[12] F = [(n – 2)(SSER – SSEF)]/(2SSEF)

where SSER = ∑ ei
2 and SSEF = ∑ −( � )e ei i

2 are the reduced
and the full sums of squared errors, respectively. The de-

grees of freedom are 2 and n – 2 for the numerator and
denominator, respectively.

The Brown–Mood test
An alternative to the simultaneous F test and the novel

test is the nonparametric Brown–Mood test (Daniel 1990). It
can be used to jointly test whether the intercept and the
slope of the regression line are equal to some hypothesized
values. As with the simultaneous F test and the novel test,
the regression line y b b yi i= +0 1 � is evaluated by testing
whether b0 = 0 and b1 = 1. The validation data are plotted
first as a scatter diagram, and the hypothesized diagonal line
y yi i= � and a vertical line through the median of �yi are drawn
on the diagram (see Fig. 4). Let n1 be the number of data
points above the hypothesized line y yi i= � and to the left of
the vertical line, and let n2 be the number of data points
above the hypothesized line y yi i= � and to the right of the
vertical line. The test statistic is then calculated as

[13] X n n n n n2
1

2
2

28 4 4= − + −( / )[( / ) ( / ) ]

The test statistic defined in eq. 13 follows approximately a
χ2 distribution with two degrees of freedom.

The Kolmogorov–Smirnov test
The nonparametric Kolmogorov–Smirnov (KS) test used

for testing normality (see eq. 5) is also commonly used to
evaluate whether the prediction errors are normally distrib-
uted with mean of zero, so that the model is unbiased and
the prediction errors are symmetric around zero.

The modified KS test
The modified KS test (D1) was developed by Stephens

(1974, p. 732) and is written as

[14] ( )D D n n1 0.01 0.85= − + /

where D is the KS statistic calculated in eq. 5. Stephen’s
modification assumes an underlying normal distribution, but
allows for the true mean and variance to be unknown. Criti-
cal values of this test are given in Stephens (1974).
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Fig. 4. An illustration of the simple linear regression between
observed (y) and predicted ( �y) values, where the regression line
is defined by y b b yi i= +0 1 � . The vertical broken line refers to
the median of �y.



The sign test
The sign test is used to assess whether the median of pre-

diction errors is zero. The test statistic is the smaller number
between the number of positive prediction errors (T+) and
the number of negative prediction errors (T–). Tied pairs
(zero prediction errors) are excluded from the calculation. If
the null hypothesis is true, T+ and T– should be approxi-
mately the same, and the test statistic follows a binomial dis-
tribution (Daniel 1990).

The Wilcoxon signed-rank test
The Wilcoxon signed-rank test uses both the magnitudes

and the signs of the differences and is more powerful than
the sign test (Conover 1999). As with the sign test, ties (zero
prediction errors) are excluded when computing the test sta-
tistic. The remaining n1 prediction errors are ranked without
considering the signs. The sign of each prediction error is
then attached to the rank and the sums of positive (T+) and
negative ranks (T–) are calculated. The smaller of the two
becomes the test statistic. If the sample size is greater than
50, normal approximation is typically used:

[15] T R Ri
i

n

i
i

n

=
= =
∑ ∑

1 1

1

� 2
1

where Ri is the rank of the ith observation with the corre-
sponding sign (Conover 1999).

Results and discussion

Table 2 lists the results of the four normality tests con-
ducted on the nine data sets. The calculated test statistics,
the p values of the critical values smaller than the test statis-
tics for the Shapiro–Wilk test, and the p values of the critical
values greater than the test statistics for the remaining three
tests are provided. Smaller p values lead to the rejection of
normality. In practice, the calculated p values are often com-
pared with 0.05 (5% significance level or α = 0.05, which is
used throughout this study). If a calculated p value is smaller
than 0.05, the normality hypothesis is rejected.

Results in Table 2 showed that all four tests failed to re-
ject the hypothesis of normally distributed prediction errors
for data sets I, IV, V, VII, and VIII and did reject the hypoth-
esis of normally distributed prediction errors for data sets VI
and IX. Mixed results occurred for data sets II and III. For

data set II, the Shapiro–Wilk test rejected the normality hy-
pothesis, while all three other tests failed to reject it. It was
found that of 81 observations, one single observation was
responsible for the rejection from the Shapiro–Wilk test.
Therefore, the prediction errors associated with data set II
were considered normally distributed in this study. For data
set III, only the KS test failed to reject the normality hypoth-
esis, while the other three tests rejected it. A close examina-
tion of the normal probability plot shown in Fig. 5 indicates
that three observations on the left led to the rejection of the
normality assumption.

The KS test has been said to be extremely sensitive to
slight deviations from normality and is very likely to reject
the normality hypothesis even when data appear to be ap-
proximately normal (Pett 1997). However, our results sug-
gest that the Shapiro–Wilk test is the most sensitive test. It
tends to reject normality more often than the other three
tests (as on data set II). On the contrary, the KS test is not
that sensitive and tends to fail to reject normality when it is
rejected by the other tests (as on data set III).

The tests of normality suggested that data sets I, II, IV, V,
VII, and VIII have normally distributed prediction errors,
whereas data sets III, VI, and IX do not. Hence, parametric
tests were applied to data sets I, II, IV, V, VII, and VIII, and
nonparametric tests were applied to data sets III, VI, and IX.
Table 3 shows the results of these tests. The results are both
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Shapiro–Wilk Kolmogorov–Smirnov Cramér – von Mises Anderson–Darling

Data set W p <W D p >D W2 p >W2 A2 p >A2

I 0.9764 0.4654 0.0756 >0.1500 0.0355 >0.2500 0.2519 >0.2500
II 0.9575 0.0089* 0.0865 0.1383 0.0823 0.1979 0.6591 0.0858
III 0.9643 <0.0001* 0.0511 0.1159 0.132 0.0428* 1.0721 0.0084*
IV 0.9216 0.2036 0.1708 >0.1500 0.0674 >0.2500 0.4255 >0.2500
V 0.9816 0.5713 0.0729 >0.1500 0.0430 >0.2500 0.2703 >0.2500
VI 0.7416 0.0028* 0.3229 <0.0100* 0.1984 <0.0050* 1.0909 <0.0050*
VII 0.9211 0.0911 0.1868 0.0540 0.1303 0.0415 0.7350 0.0473
VIII 0.9096 0.1147 0.1557 >0.1500 0.0690 >0.2500 0.4848 0.2041
IX 0.8602 <0.0001* 0.1759 <0.0100* 0.5834 <0.0050* 3.2123 <0.0050*

Note: An asterisk indicates significant difference between observed and theoretical distributions (p < 0.05) at 95% probability level (α = 0.05). Details
about the data sets are provided in the Data section.

Table 2. Results of the four normality tests conducted on nine data sets described in Table 1.

Fig. 5. Normal probability plot of prediction errors for the site
index data (data set III). The three data points on the left lead to
the rejection of normality from the Shapiro–Wilk test, the
Cramér – von Mises test, and the Anderson–Darling test.



interesting and puzzling. Each model passed one or more
tests, but none passed all tests. In applications, this could
mean that one could apply different tests, choose the one
that satisfies his or her objective, and accept or reject a
model at one’s disposal. This type of flexibility and the lack
of a consistent outcome are very undesirable when validat-
ing a model.

In model validation, the inappropriateness of the paired
t test has been discussed by a number of researchers. Freese
(1960) pointed out that the paired t test “uses one form of
accuracy (precision) to test for the other form (freedom from
bias), frequently with anomalous results”. It was used in this
study because it is still applied in practice for model valida-
tion. It is important to know that while the paired t test can
still be used to evaluate whether the mean prediction error is
different from zero, the test itself overlooks several impor-
tant aspects and cannot be relied on for determining the va-
lidity of a model (Freese 1960; Ek and Monserud 1979;
Reynolds et al. 1981; Huang et al. 2003).

Freese (1960) suggested the χ2 test as an alternative to the
paired t test for testing the accuracy and determining the ap-
plicability of forestry models (see also Reynolds 1984). Of
the six models tested, only one model associated with data
set V was not rejected (Table 3). A more striking phenome-
non occurred on data set VII. Studies done elsewhere sug-
gested that the model fitted the data almost perfectly (West
1981; Huang et al. 2003). This was supported by all other
tests except for the χ2 test, which still indicated that the pre-
dictions were unacceptable. All these imply that the χ2 test
tend to reject valid models too often. Another limitation of
the χ2 tests is that they require a statement of an acceptable
accuracy, which is often set subjectively.

Recall the optimism principle of model selection: “A
model chosen by some selection process provides a much
more optimistic explanation of the data used in its derivation

than it does of other data that will arise in a similar fashion”
(Picard and Cook 1984). This is largely due to overfitting
the idiosyncrasies of those particular data (Mosteller and
Tukey 1977). It follows that a validation test result is almost
certain to indicate that the model is “poorer” on an equally
likely validation data set, which may lead to wrongly reject-
ing the model (Reynolds et al. 1981; Picard and Cook 1984).

The separate t tests and the simultaneous F test of b0 = 0
and b1 = 1 from the fit of y b b yi i= +0 1 � also produced mixed
signals when they are compared with each other and with
other tests (see Table 3). For instance, both tests failed to re-
ject models associated with data sets I, II, and VII and re-
jected the model associated with data set IV. However,
conflicting results occurred for data sets V and VIII.

The simultaneous F test has been widely used in model
validation. It is based on the rationale that if a model is a
good one, the regression line between observed and pre-
dicted values should be a 45° line through the origin (see
Fig. 4). This rationale, however, has been challenged by
some researchers (Harrison 1990; Kleijnen et al. 1998;
Kleijnen 1999), who showed that even if a model gives good
predictions, it could still lead to the rejection of b0 = 0 and
b1 = 1 for the regression line y b b yi i= +0 1 � . In fact, Kleijnen
et al. (1998) called the simultaneous F test a “naïve test” and
listed it as an “example of wrong validation”. Instead, they
proposed a new test, called the novel test, to overcome the
problems. Mayer et al. (1994), on the other hand, used a
Monte-Carlo experiment and proved that simultaneous F test
is a very powerful test for model validation and is able to
correctly reject invalid models and accept valid ones when
prediction errors are independent of each other. The rejec-
tion rate (of a valid model) becomes much higher if predic-
tion errors are correlated. Mayer et al. (1994) also pointed
out that because the simultaneous F test evaluates the degree
of relationship between the observed and predicted values by
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Data set

Test Equation I II III IV V VI VII VIII IX

Paired t test 8 1.52 2.48* 0.022 11.08* –0.22 4.51*

χ2 tests

Test 1 9a 590.50* 227.76* 373.75* 62.71 78.86* 146.32*

Test 2 9b 561.59* 211.46* 373.74* 18.91 78.67* 62.04*

Test 3 9c 561.59* 211.44* 220.91* 17.9 78.53* 55.17*

Separate t tests

b0 = 0 0.3 1.02 2.51* –0.2 0.14 0.39

b1 = 1 10 –0.014 0.09 –3.00* 1.72 –0.18 1.32

Simultaneous F test 11 1.1327 3.0496 4.497* 65.158* 0.0391 11.566*

Novel test 12 3.6917* 3.2538* 2.777 69.228* 0.252 13.057*

Brown–Mood test 13 19.891* 2.000 8.968*

Kolmogorov–Smirnov test 5 0.0564 0.4139* 0.1831*

Modified Kolmogorov–
Smirnov test

14 0.8889 1.4160* 1.4711*

Sign test 132 7 28

Wilcoxon signed-rank test 0.9626 9.5 –0.1712

Note: An asterisk indicates significant differences between observed and predicted y values (α = 0.05), which leads to model rejection. Prediction errors
are normally distributed for data sets I, II, IV, V, VII, and VIII, and not normally distributed for data sets III, VI, and IX. Details about the data sets are
provided in the Data section.

Table 3. Results of parametric and nonparametric tests conducted on data sets with normal and non-normal prediction errors.



a model, it is a lot more powerful than many other tests,
which only assess the overall bias.

Our results (Table 3) suggested that the simultaneous F
test and the novel test reached the same conclusions for data
sets V, VII, and VIII. For data sets I, II, and IV, conflicting
results occurred. The novel test rejected two models associ-
ated with data sets I and II, while the simultaneous F test
failed to reject them. The model associated with data set IV
was not rejected by the novel test but was rejected by the si-
multaneous F test. Data sets I and II are from Alberta, and
the prediction equations have been carefully evaluated and
proved to be sufficiently accurate for predictions in many
cases. Therefore, we typically consider them as valid mod-
els. The test results shown in Table 3 appear to support the
conjecture that the novel test rejects a valid model more of-
ten than the simultaneous F test. This is opposite to the ob-
servations made by Kleijnen et al. (1998). The novel test is
relatively new and, as of now, not widely used in dealing
with actual data. Additional research is needed to evaluate
this test on other independent data sets.

The tests discussed so far are parametric tests. Parametric
tests in theory can only be used for data sets that follow the
assumed distribution, which is usually normal. When the
normality assumption is violated, two choices are available:
apply a transformation satisfying normality, or use nonpara-
metric tests. Some parametric tests, such as the simultaneous
F test, are reasonably robust under low to moderate depar-
ture from normality (Rawlings 1988). Other researchers have
shown that, for example, the power of parametric tests such
as the χ2 tests proposed by Freese (1960) and Reynolds
(1984) can be seriously distorted by the non-normality of the
data (Gregoire and Reynolds 1988). It is therefore very im-
portant to verify the underlying assumptions before choosing
a particular test for model validation. This may help to de-
termine the “best” choices of tests and eliminate some of the
less pertinent tests.

Results of the nonparametric tests on all three data sets
(III, VI, and IX) with non-normal prediction errors are also
shown in Table 3. It is clearly evident that mixed outputs
were produced and no consistent conclusion could be
reached for any one of the three models tested. Each model
passed one or more tests, but not all five tests.

For data set III, only the Brown–Mood test rejected the
site index model (eq. 3); the other four nonparametric tests
failed to reject it. This site index model has been thoroughly
evaluated and proven to be very accurate for site index pre-
dictions in Alberta. It is considered a valid model in most
cases. This is evident from the results of the KS test, the
modified KS test, the sign test, and the Wilcoxon signed-
rank test (Table 3). The Brown–Mood test has been found to
be fairly sensitive to the number of influential observations
and the total number of observations in the samples (Daniel
1990). It failed to reject the model on data set VI with 10
observations, but rejected the models on data sets III and IX
with 247 and 63 observations, respectively.

For data set VI, the results of the nonparametric tests in
Table 3 showed that the KS test and the modified KS test led
to the rejection of the model predictions, whereas the
Brown–Mood test, the sign test, and the Wilcoxon signed-
rank test failed to reject the model predictions. For data set
IX, the Brown–Mood test, the KS test, and the modified KS

test indicated that the model was unacceptable, whereas the
sign test and the Wilcoxon signed-rank test failed to reject
the model. No consistent acceptance or rejection of a model
was obtained from the nonparametric tests for either one of
the two data sets.

The Kolmogorov–Smirnov test is historically a popular
nonparametric test. In this study, both the KS test and its
modified form presented by Stephens (1974) were evaluated.
Both tests led to the same conclusion for all three data sets
with non-normal prediction errors (Table 3). This suggests
that these two tests have the same functionality in model val-
idation and result in the same outcome. It appears unneces-
sary to conduct both tests at the same time, if a KS test is to
be conducted at all.

The sign test and the Wilcoxon signed-rank test also pro-
duced compatible results for all three data sets (III, VI, IX):
none of the three models were rejected. The Wilcoxon
signed-rank test statistics for data sets III and IX were calcu-
lated using the normal approximation (eq. 15), as shown in
Daniel (1990) and Conover (1999). Sprent and Smeeton
(2001) pointed out that the sign test is particularly useful for
skewed distributions or for small sample sizes. Although in
many cases the Wilcoxon signed-rank test is more powerful
than the sign test, the sign test can be more powerful under
certain circumstances (Conover 1999).

A comparative look at several parametric or nonpara-
metric tests on any specific data or model often produces
mixed outcomes. This is clear in Table 3, where no consis-
tent conclusion could be reached for any one of the six mod-
els from the parametric tests or three models from the
nonparametric tests. In fact, for any model on any one of the
six data sets with normal prediction errors, or for any model
on any one of the three data sets with non-normal prediction
errors, one could apply different parametric or nonpara-
metric tests, accept or reject a model, by “accidentally” or
“purposely” choosing one or several tests that satisfy a re-
searcher’s objectives. Obviously, this type of intended or un-
intended subjectiveness and arbitrariness must be removed
from model validation.

Whether or not model validation needs to involve testing a
specific validity hypothesis may still be open for discussion,
and an agreed-upon solution may not exist (Wright 1972;
Gass and Thompson 1980; Sargent 1999). Reynolds (1984)
and Burk (1986) questioned the need to include specific sta-
tistical tests in validating growth and yield models and sug-
gested using other methods instead. A. Robinson (University
of Idaho, personal communication, 2001) contends that most
statistical assessments of models using a sample of field data
are necessarily ambiguous. A failure to accurately predict
field observations could be due to flaws in the underlying
structure of the model, to the difference between the popula-
tion from which the model was parameterized and the popu-
lation against which it is being compared, or simply to
sampling error. This objection can also be made for normal-
ity tests. Problems will also arise if these data are from a
limited geographical or ecological portion of the target pop-
ulation, as is commonly the case with long-term permanent
plots (Sterba and Monserud 1997), or if the time span of the
data is too short to ensure thorough assessment of long-term
experimental or model behavior (Monserud 2002). Further-
more, Goodall (1972) draws the distinction between predic-

© 2004 NRC Canada

Yang et al. 627



tion errors that are statistically significant yet practically
unimportant.

Our results (Table 3) obtained from different data sets ap-
peared to support Reynolds (1984) and Burk (1986). They
found that the usefulness of statistical tests in model valida-
tion is very limited. Each model could either be accepted or
rejected depending on the tests chosen. This lack of consis-
tency in the outcome of the tests can be precarious in appli-
cation. It could lead to the acceptance of a poor model and
the rejection of a good model by accidentally or purposely
choosing a test. In fact, statistical tests applied in model vali-
dation can be easily misused, misinterpreted, and mislead-
ing. The array of available tests that could potentially be
used in model validation and the varied outcome from these
tests made the distinction between valid and invalid models
extremely difficult. It is important to exercise caution and
understand the limitations of statistical tests in validating
forest biometric models.

Conclusions

This study demonstrated that the usefulness of statistical
tests in model validation is very limited. Over the years
many statistical tests have been used in model validation,
and new and “improved” tests are still being proposed. Un-
fortunately, not one of them seems to be generic enough to
work well across a diverse range of models. It appears that
testing is a relative concept, relative to a unique situation, a
particular set of data, assumptions, or constraints. For this
reason, some researchers have suggested using a number of
tests to look at different facets of model behavior. But the re-
sults of this study showed that using various tests is hardly a
solution. In fact, it may be the source of confusion.

A recommended general strategy concerning model vali-
dation should be to look at how well a model fits new, inde-
pendent data, rather than use a statistical test to determine
whether it is good enough, which may be different depend-
ing on the strength of the inherent relationship, the data,
model types, study objectives, the “comfort level” of the in-
dividual(s) involved, and most importantly, the type of statis-
tical tests selected to be used. Statistically testing the null
hypothesis that a model is invalid will likely lead to a simple
conclusion of yes or no. This may not be appropriate be-
cause model validation should be far more comprehensive
than a single pass–fail test. Recall that model validation is
simply an attempt to judge whether or not a model is an ac-
ceptable representation of reality. Model validation is a com-
posite process that may involve some form of tests, but
statistical test results should not be used as the sole criterion
for deciding the validity of a model (Morehead 1996). Per-
haps the exception would be a model that is unanimously re-
jected by a wide range of tests, a situation that was not
found in this study. Instead, we found conflicting results,
with the same model being accepted or rejected seemingly
haphazardly as the test changed. The availability of an array
of tests and subsequent potential choices of test results made
the use of statistical tests and their outcome extremely sub-
jective, arbitrary, and unreliable. Statistical tests should be
used with caution and in combination with other validation
methods.
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